The irreversible behavior of the flux-pinning-induced stress and strain in a long circular cylindrical superconductor placed in a parallel magnetic field is analyzed. An exact solution of the full three-dimensional ͑3D͒ magnetoelastic problem is found. The solution differs from the previous simplified 2D plane stress treatments of the same problem. We derive formulas for all stress and strain components, including the magnetostriction ⌬R/R, in terms of the flux density profile in the cylinder. The results are valid for any critical-state model j c ϭ j c (B). Based on the Bean model, j c ϭconst, an extensive analysis is made of the elastic behavior during ͑1͒ a complete field cycle after zero-field cooling, and ͑2͒ field descent to the remanent state after field cooling. Special emphasis is put on the field-sweep stages generating tensile stresses, which tend to create cracking in the cylinder. A comparison is made between the overall maximum tensile stresses encountered in both processes ͑1͒ and ͑2͒, which one today uses, e.g., to activate superconducting trapped-field or quasipermanent magnets. ͓S0163-1829͑99͒06437-1͔
I. INTRODUCTION
Bulk high-temperature superconductors ͑HTS's͒ are by increasingly sophisticated preparation methods steadily improving in their flux pinning properties. Of equal importance in this development is that now large-size samples can be prepared free from weak links so that high currents can flow unperturbed throughout the volume, and hence give rise to very large magnetic moments. The material showing today the best combination of these qualities are ͑RE͒Ba 2 Cu 3 O y where RE can be one or even several rare-earth elements.
1 A record high critical current density of 6ϫ10 4 A/cm 2 at 77 K and a field of 3 T was recently reported for the ternery compound ͑Nd,Eu,Gd͒Ba 2 Cu 3 O y ͑NEG͒ with Pt additions.
2 By these improvements the potential has grown considerably for the use of HTS single-domain bulks in a number of applications such as trapped-field magnets and levitating bearings, and one sees today an intensive activity in this direction. 3 Because the mere size of the HTS is a crucial parameter the magnetic characterization of these materials is often made by recording maps of the field distribution trapped by a full-sized sample. Here one usually measures with a scanning Hall sensor the field near the surface in the remanent state after some initial activation field has been removed. Whereas the figure-of-merit is always the maximum field trapped by the bulk, the field maps can also reveal important information about weak connections between parts of the sample. Quite frequently one finds that internal disconnections, and even complete cracking, are indeed resulting from the activation process itself. Such damaging effects were first studied systematically by Ren et al. , 4 who by experiments with field cooling in various fields up to 14 T observed that cracks were created during the ramping down of the field. They also explained the cracking tendency by showing that the internal stresses generated by the pinned vortices become tensile and with a maximum magnitude at some point during the field reduction.
A different, but closely related, flux-pinning-induced effect was discovered by Ikuta et al. 5 They observed using capacitance dilatometry that superconductors can show a giant magnetostriction, typically of the order of 10 Ϫ5 -10
Ϫ4
when placed in fields of a few Tesla. The observed hysteretic dilatation versus applied field B a was successfully modeled 5, 6 by a formula derived by considering the pinninginduced strain in an infinite slab of half-width w,
Here c is an elastic constant and B(x) the local flux density. Later, Johansen and co-workers 7, 8 gave an extended and unified critical-state analysis of the two magnetoelastic phenomena for the more realistic geometry of a circular cylinder. Also the case of a square cross section was investigated, showing that the symmetry of the body forces causes here deformations which do not conserve the shape of the crosssectional area.
In this modeling work the superconductor was assumed to behave magnetically as a long cylinder, so that demagnetization effects can be ignored. At the same time, however, the elasticity problem was analyzed within the plane-stress approximation, which is the scheme normally used to calculate the elastic response of thin plates loaded by forces acting parallel to the plate.
In a fully consistent magnetoelastic treatment of a thick sample the three-dimensional character of the deformation should be accounted for. For this the plane strain scheme is the proper approach. 9 Very recently, 10 the plane strain scheme was applied to find an exact solution of the pinninginduced stress/strain problem for a long rectangular slab in a parallel field. General expressions for all stress and strain components in terms of the flux density distribution were derived. In the present paper we use the same approach for the case of a long circular cylinder. An extensive analysis is given for the various states occurring during a complete cycle of the applied field. Also the decreasing field stage after field cooling is discussed. Special emphasis is put on the stress conditions and probability for cracking during field reductions ending in the remanent state, i.e., in the process of energizing the HTS to become a quasipermanent, or trappedfield, magnet. The paper is organized as follows.
In Sec. II we first define the magnetoelastic plane strain problem. Then an exact solution is derived for stress and strain in terms of the flux density and elastic constants. In the subsequent sections explicit stress-strain expressions are obtained by assuming a Bean model type of magnetic behavior. Sections III and IV discuss the various states encountered during a complete field cycle. Section V focuses on the external radial magnetostriction ⌬R/R. In Section VI the stress-strain picture for field-cooling conditions is presented. Then, in Sec. VII the maximum tensile stress occurring for various field descent routes to the remanent state is discussed, before we finally give the conclusions in Sec. VIII.
II. MAGNETOELASTIC PROBLEM

A. General approach
Consider a type-II superconductor shaped as a circular cylinder and placed in a magnetic field oriented parallel to the cylinder axis ͑z axis͒. We seek a solution of the fluxpinning-induced stress-strain problem based on the following assumptions:
͑i͒ The magnetic behavior can be described by the critical-state model. The critical current density can have any dependence on the local induction j c ϭ j c (B).
͑ii͒ Demagnetization effects are neglected, i.e., the sample is assumed sufficiently thick to be treated as an infinite cylinder.
͑iii͒ Perpendicular to the cylinder axis the magnetic properties are isotropic.
͑iv͒ Elastically, the cylinder is isotropic, and it has a free surface, i.e., all stresses vanish at the surface.
͑v͒ The deformations are well below the fracture limit thus allowing linear elasticity theory to be applicable.
Under these conditions the sample will in a general magnetized state contain an axially symmetric flux density distribution B(r) and an azimuthal current density satisfying j (r)ϭϪBЈ(r)/ 0 . In the critical-state the Lorentz force j B acting on the vortices is balanced by a distribution of pinning forces. As the pinning forces react back on the crystal lattice the cylinder experiences a radial body force equal to
per unit volume. Loaded by this axially symmetric and z-independent body force, the free-standing cylinder will deform by radial displacements as well as strain in the longitudinal direction. The elastic response is most conveniently calculated in two steps: As step 1, let the cylinder be constrained to a fixed length by two rigid and smooth parallel planes allowing the end faces to expand and contract freely in the radial direction, see Fig. 1͑a͒ . In this way an axial displacement is prevented and all cross sections are in the same condition. The deformation is then described by a radial displacement uϭu(r), and there are only two nonvanishing strain components: e r ϭuЈ͑r ͒ and e ϭu /r, ͑3͒ the radial and tangential ͑hoop͒ strain, respectively. The relations between the strains e r ,e ,e z and the corresponding stresses r , , z are
where E and is the Young's modulus and Poisson's ratio, respectively. Because of the constraint e z ϭ0, there will be a buildup of axial stress z , amounting to z ϭ( r ϩ ), which may be compressive or tensile.
As step 2, in order to recover the condition of free end faces, we add a uniform axial stress, see Fig. 1͑b͒ , of magnitude:
which is the cross-sectional average of z (r) found under step 1. The second stress is applied opposite to the built-up stress, i.e., if the constraint gave a compressive ͗ z ͘ the added stress is tensile, and vice versa. This superposition results in a zero net axial stress in the cylinder. According to Saint-Venant's principle the procedure gives the correct resultant elastic state except for local deviations close to the cylinder's end faces. 9 FIG. 1. Long cylindrical superconductor placed in a parallel applied magnetic field B a . The elastic response to the flux-pinninginduced body forces f ϭ j B is considered as a superposition of two deformations. ͑a͒ First, the forces create a purely radial displacement in the cylinder which is thought to be confined between two perfectly smooth and rigid planes. ͑b͒ Second, the condition of free surfaces is recovered by letting the averaged axial stress ͗ z ͘ built up in ͑a͒ be compensated by adding the opposite stress z Ј distributed uniformly over the end faces of the cylinder. 
B. Cylinder of fixed length
We determine first the elastic response of the cylinder subjected to the body force, Eq. ͑2͒, and constrained by the condition e z ϭ0. It follows that the stress-strain relations then become
and conversely,
The stresses acting on a volume element are illustrated in Fig. 2 . The condition of static equilibrium in the radial direction is
Using Eqs. ͑3͒ and ͑7͒ this can be expressed in terms of the displacement field as
The corresponding equation valid for the plane stress approximation deviates only by having a different prefactor in the body force term. 8 Since Eq. ͑9͒ can be written as
it allows twice integration, which gives
͑11͒
Here two integration constants were determined from the free-surface condition r (rϭR)ϭ0, and using that u r (0) ϭ0. From this formula for u(r) one can calculate the complete stress-strain picture produced by a given flux density distribution B(r). For the stresses, Eq. ͑7͒, we find
͑14͒
where ϵr/R. The stresses are evidently not uniformly distributed in the cylinder. This applies even for the axial stress, which in fact has the same spatial variation as that of B(r) 2 . From Eqs. ͑6͒, ͑12͒, and ͑13͒ one finds the strains e r and e in the constrained state. Note that the last integral term in Eqs. ͑12͒ and ͑13͒ approaches the value B(0) 2 /2 as →0, and that this implies r (0)ϭ (0).
C. Recovering free ends
To recover the condition of free end faces the built-up axial stress, Eq. ͑14͒, is compensated by applying externally the uniform stress z ЈϭϪ͗ z ͘, which from Eq. ͑5͒ becomes z Јϭ
This modifies the strains as follows. To both e r and e the term Ϫ z Ј/E is added, or equivalently, the displacement u(r) receives an extra term Ϫ z Јr/E. From Eq. ͑11͒ one then obtains the final expression
Of particular interest is the observable external dilatation ⌬Rϭu(1), which takes the simple form
Interestingly, this formula is the same as derived earlier 7 in the plane stress approximation. The expression for u(), however, is different, as are the results for strains and stresses. The final formula for the radial strain becomes
while the final hoop strain e ͑ ͒ϭu͑ ͒/R ͑19͒ follows directly from Eq. ͑16͒. The compensating stress, Eq. ͑15͒, generates also a longitudinal deformation of the cylinder. This is described by a uniform axial strain equal to e z ϭ z Ј/E, which can be expressed as
The superposition of the uniform axial stress, z Ј does not influence the other two stress components. Hence the expressions Eqs. ͑12͒ and ͑13͒ for r and remain valid.
D. Flux density profiles and notation
In order to calculate explicit expressions for stress and strain one needs first to determine the flux density profiles B() for the various stages of a magnetization process. Given the appropriate function j c (B) this can be done by integrating
where j (B) has the magnitude of j c (B), and a sign in accordance with the magnetic history as prescribed by the critical-state model. In this paper we restrict the calculations to the Bean model, i.e., j c (B)ϭconst, which leads to linear or piecewise linear profiles B(). We consider first a superconductor initially zero-field cooled below T c , followed by a complete cycle of the applied field B a . The maximum applied field, which we denote by B a , is assumed larger than, or equal to, the full penetration field, which for the Bean model equals B p ϭ 0 j c R. When B a у2B p the magnetization process is one that gives a maximum trapped field in the subsequent remanent state. In the sections below both of the cases, B a larger and smaller than 2B p , will be discussed in detail. will appear as prefactors in the expressions for stress and strain, respectively.
III. INCREASING FIELD
A. Stage 1, B a <B p
Starting with a flux free superconductor an increasing applied field causes flux to penetrate into the cylinder in an outer shell of thickness b a , i.e., the flux front is located at ϭa where
During this virgin magnetization the flux density is given by bϭb a ϩϪ1 for aрϽ1, and by bϭ0 for Ͻa. The two regions require separate calculations, and Eqs. ͑12͒, ͑13͒, ͑18͒, and ͑19͒ yield for 0рϽa:
and for aрр1: Figure 3 shows the stress distributions in the cylinder for four values of the increasing applied field. Both stress components are negative, i.e., compressive, and increase in magnitude towards the center. In the nonpenetrated inner region Ͻa, where the body forces are zero, the stresses are uniform. The position of the flux front for various b a is indicated in the graphs as a dashed line. For small applied fields the stresses grow relatively slowly, proportional to b a 2 . Note that the two stress components differ in the way they decrease towards the surface. Whereas r falls to zero at ϭ1, as dictated by the free-surface condition, the hoop stress decreases to a finite value at the surface. In this figure, as in all other graphs presented in the paper, a Poisson ratio equal to vϭ0.3 is chosen.
4,11
The strain components e r and e are also shown in Fig. 3 . The strain distributions behave quite similarly to the corresponding stresses. Note, however, that e r does not reduce to exactly zero at the surface, but crosses over to a small positive value at just below 1. This means that an expansive radial strain occurs in the outermost layer while the cylinder is loaded by only compressive forces. This surprising result can in fact be seen directly from Eqs. ͑18͒ and ͑19͒, which when evaluated at ϭ1 give the following two relations of general validity:
Hence near the surface the two strains will always have opposite signs if Ͻ 1 3 , as here.
B. Stage 2, B a уB p
As the field is increased above the full penetration value, the critical current fills the entire cylinder, and the flux density is given by bϭb a ϩϪ1 for all . The evaluation of the elastic response now yields
͒ . ͑34͒ Figure 4 shows the stress-strain picture for applied fields up to b a ϭ4. Above the full penetration field both stress and strain at a given point grow in magnitude linearly with the applied field. As b a becomes large all the profiles, which are parabolic in , will approach straight lines. The slope in the r profile is then a factor (2Ϫ)/(1ϩ) larger than for , whereas the slope of e r () is twice that of e (), independently of . Provided that р 1 3 , the point where the radial strain changes sign approaches ϭ1Ϫ(Ϫ3 2 )/(2Ϫ2 Ϫ4
2 ). When the applied field decreases from its maximum value b a , the direction of the critical current is reversed in the outer part of the cylinder. In this remagnetized region the body forces now point away from the symmetry axis, whereas the forces remain unchanged in the inner part. Therefore during the field reduction, where both compressive and expansive forces are simultaneously present, the distributions of stress and strain will vary dramatically along a radius. From the Bean model it follows that the remagnetization front is located at
The current becomes reversed throughout the volume first when b a is reduced by twice the full penetration field. We consider in this section only the stage of incomplete current reversal, i.e., as 0 decreases from 1 to 0. To calculate stress and strain from Eqs. ͑12͒, ͑13͒, ͑18͒, and ͑19͒ we now use that in the inner part, 0рϽ 0 , the flux density is given by b (i) ϭb a ϩϪ1. In the remagnetized region, 0 рр1 the flux density equals b (o) ϭb a ϩ1Ϫ. Again the two parts of the cylinder require separate calculations, and we find for 0рϽ 0 :
e r e 0 ϭ 1ϪϪ2
and for 0 рр1: ͬͮ,
͑43͒
The strains are listed as integral expressions to show how the calculations are carried out when the flux profile consists of two segments. The integration itself is straightforward. Note that during the field descent one may or may not, depending on b a , pass through the remanent state b a ϭ0. In any case, the formulas Eqs. ͑36͒-͑43͒ are valid. We will now look in detail on the remagnetization process starting from three selected b a , see Fig. 5 , all giving qualitatively different stress-strain behaviors.
Case (i): B a ‫4؍‬B p Figure 6 shows the stress distributions while the applied field is reduced from b a ϭ4 to b a ϭ2, i.e., the starting condition is given by the set of curves labeled ͑4͒ in Fig. 4 . The radial stress begins immediately to become tensile in the outer part of the cylinder. A sequence of cusped peaks accompany the motion of the remagnetization front 0 (b a ), the point where also the flux density is maximum. Note that the region of tensile r is about twice as wide as the entire remagnetized region. Hence below b a Ӎb a Ϫ1 the radial stress becomes tensile throughout.
The hoop stress behaves differently, as remains everywhere compressive until b a is reduced by approximately 0.3. Then, tension first occurs in the cylinder at Ӎ0.85. Like r (), also () has a cusped maximum at the remagnetization front, although the peak in is less sharp.
Tensile stresses tend to generate cracks, or expand already existing microcracks in the material. Hence the behavior of the maxima in r and give crucial information about the probability for cracking in the tangential and radial directions, respectively. It is readily derived that the envelope curve for the two stress peaks are given by
for field reductions from any b a у1. In Figs. 6, 7, and 8 the peak envelopes are plotted as dashed curves. For the present case, b a ϭ4, both envelope curves are seen to be monotoneous. The stresses have therefore a common overall maximum, max ϭ4 0 , at ϭ0, which occurs when the current reversal is completed. Hence during this remagnetization process the last stage is the most critical, and cracking is most likely to be initiated in the center of the cylinder.
Shown in Fig. 6 is also the behavior of the strains e r and e for the same sequence of decreasing fields. Except very close to the surface, the curves for the radial strain follow closely the behavior of the radial stress. The hoop strain curves, on the other hand, contrast all the others by lacking the peak at the remagnetization front. In fact, one has to reduce the field considerably before a peak appears at all. Eventually, a broad maximum in e occurs at some Ͼ 0 , which finally ends up at ϭ0. The dashed curves plotted together with the e r and e graphs show the strain at 0 . Figure 7 illustrates the behavior of r , , e r , and e , as the applied field is reduced from b a ϭ2 to b a ϭ0. This is the activation process giving maximum trapped flux in the remanent state at a minimum cost in terms of applied field ͑field-cooling processes are discussed later͒. The starting condition is now given by the set of curves ͑2͒ in Fig. 4 .
Case (ii): B a ‫2؍‬B p
The most striking difference from the previous case ͑i͒ is that stress and strain maxima now follow nonmonotoneous paths towards the remanent state. All the global maxima have moved away from the cylinder axis, namely to ϭ0.42, 0.32, 0.49, and 0.40 for r , , e r , and e , respectively. Highest cracking probability is therefore now in positions far from the center. We also find that the maximum radial stress and strain are both larger than their hoop counterparts. Hence tangentially oriented cracks are the more likely to be initiated or expanded. On the other hand, if tangential cracks do not grow too large in size their effect on the final trapped field will not be significant since the circular flow of the persistent current is only weakly perturbed. In this respect the formation of cracks running radially are by far more deteriorating, as illustrated in Fig. 8͑a͒ .
Another remarkable difference is that stress and strain magnitudes are substantially reduced relative to the b a ϭ4 case. In particular, all maxima are nearly a factor of 4 lower. Therefore in energizing a trapped-field magnet a maximum field b a larger than 2 should from a mechanical point of view be avoided. In practice, however, this is not easily realized as the full penetration field of the superconductor is usually not known in advance.
The fact that highest cracking probability is now found at large is not favorable. Destroying current loops of large area rapidly reduces the remanent magnetic moment as compared to losing currents near the center. As shown schematically in Fig. 8͑b͒ , a defect near the axis only cuts off a small top part of the ''flux density cone,'' whereas defects far from the axis easily reduces the width of the entire cone representing the trapped field. Note, however, that the maximum value itself is not so sensitive to the position of the defected region. Of course, fully realistic considerations concerning cracking probabilities can not be carried out unless stress concentrations are correlated with the mechanical homogeneity of the grown superconducting sample. Figure 9 shows the stress and strain as the applied field is reduced after being first raised to b a ϭ1. In this particular field range, b a from 1 to Ϫ1, the elastic response undergoes a complete cycle. As in the previous case ͑ii͒, the global stress and strain maxima occur before the remanent state is reached. However, the remanent state itself, represented by the curves labeled ͑3͒, is now different as all the cusped maxima are located at 0 ϭ0.5. The hoop strain has again a broad peak, here centered at ϭ0.61. One can, in fact, show quite generally from Eqs. ͑39͒ and ͑43͒ that the two curve segments making up the e () profile always combine at 0 with equal derivatives, hence the smooth hoop strain distribution.
Case (iii): B a ‫؍‬B p
Compared to the previous two cases there is also here large reductions in stress and strain values. In the remanent state the maximum tensile stress is now only 0.24 0 and 0.17 0 for the radial and hoop component, respectively, whereas with b a ϭ2 it amounts to 0.76 0 for both components. The strong field dependence of characteristic features in the elastic response are, in fact, to be expected since the general expressions, Eqs. ͑12͒-͑20͒, for stress and strain are all quadratic in the flux density.
The remanent state is also characterized by having zeros in the radial stress and strain, located at ϭ0.95 and 0.87, respectively. This feature, however, is very sensitive to the exact value of the Poisson ratio. Actually, the zero in e r vanishes when Ͼ0.343, while the same happens for r for close to the limiting value 0.5.
B. Stage 2, B a рB a ؊2B p
When the applied field has been reduced by more than twice the full penetration field the current is reversed in all the cylinder volume, and the flux density is given by bϭb a ϩ1Ϫ. This yields the following expressions for stress and strain: 
FIG. 8. ͑a͒
During field reduction the stresses r and become tensile and may generate cracks. Shows are two types of cracks; one tangential-easily expanded by r , and one radial-easily expanded by . ͑b͒ The cone of trapped field in the remanent state is perturbed differently depending on whether the cracked region is near the center ͑left case͒ or at a large radius ͑right case͒. 0 ϭ 1ϩ2 1Ϫ
As an example, Fig. 10 shows the elastic behavior as b a is reduced from 2 to Ϫ1, i.e., it is assumed that the field had previously been raised to b a ϭ4 or larger. During field reduction towards b a ϭ0 the stresses are tensile, and with maxima always in the cylinder center. Both strain components behave again similarly to the stress components. Note in the remanent state that both r and e r also now have zeros, as seen more clearly in the figure inserts. Decreasing the field below b a ϭ0 one gradually reaches at b a ϭϪ1 the same elastic state as at full virgin penetration b a ϭ1, i.e., the curves labeled ͑4͒ in Fig. 10 are identical to the curves labeled ͑4͒ in Fig. 3 . If b a is reduced even more one only reproduces for b a ϽϪ1 the stress-strain behavior already described for increasing fields b a Ͼ1. This symmetry between states at opposite fields Ϯb a is quite general, and follows from the fact that the body force equals the product of current and flux density, which both have opposite sign but are otherwise equally distributed at Ϯb a . The curves for b a ϭϮ1, under case ͑iii͒ was another example of the symmetry.
This completes the coverage of all types of stress-strain states encountered as b a is cycled between Ϯb a , (b a у1), including the initial stage of virgin flux penetration. Field cycles with b a Ͻ1, or minor field loops not centered around b a ϭ0, can be analyzed in a similar manner.
V. MAGNETOSTRICTION, ⌬R/R
The dilatation of the cylinder diameter, or ⌬R/R, is an important quantity because it can be measured experimentally. Its hysteretic critical-state behavior can be calculated generally from Eq. ͑17͒. However, this is not necessary here since ⌬R/R also equals the hoop strain at ϭ1 for which expressions are already derived. For completeness, we list the expressions for the various branches making up a full magnetostriction loop. For the virgin increasing field branch, b a Ͻ1, one finds 
showing a linear dependence on the applied field.
As b a starts to decrease from a maximum b a , the dilatation becomes
͑52͒
This expression holds until the field has been reduced to b a Ϫ2, where a further field reduction gives the magnetostriction
The field cycle is completed using that any ⌬R/R hysteresis loop must have mirror symmetry about the vertical axis. Figure 11 shows ⌬R/R for b a cycled with amplitudes b a ϭ1, 2, and 4. Recalling that ⌬R/R is proportional to the axial strain, Eq. ͑20͒, the expressions above also apply to the longitudinal dilatation if one replaces the factor 1Ϫ by Ϫ2. When b a Ͼ2 there is a part of the loop where the ascending and descending field branches are linear. The vertical width of the loop in this field range can be expressed as
where ⌬M ϭ2R j c /3 is the width of the Bean model magnetization loop. This relation allows one to make use of dilatation data in the same way as one analyzes magnetization curves to gain information about the irreversible flux behavior. 5, 12 Note, however, that the simple relation is not easily generalized to other geometries, such as, e.g., long prismatic bodies. Here the magnetostrictive behavior is expected to be much more complex because of the discontinuity lines in the flow pattern of the critical current. 
VI. FIELD COOLING
The pinning-induced stress generated by reducing the field after field cooling has been considered earlier in Ref. 4 . Nevertheless it is worthwhile to consider the same process here since the previous treatment was based on the plane stress approximation, and also because the authors did not perform a complete stress distribution analysis. One should also keep in mind here the importance of field cooling as method to activate trapped-field magnets. It requires less applied fields as compared to the field-cycle method discussed in the first part of this paper. On the other hand, in the latter case the activation can be accomplished more easily using only a short high-field pulse.
Let B f c denote the external field applied during the cooling. We assume that B f c also is the flux density frozen in the superconductor when the subsequent field descent starts. As illustrated in Fig. 12 , there are here two different situations to be considered, namely ͑i͒ b f c Ͼ1 and ͑ii͒ b f c р1, where only the first gives maximum trapped field.
In both cases, field reduction implies that j c starts to flow in an outer region, aрр1 where now aϭ1Ϫb f c ϩb a . ͑55͒
Here the flux density equals bϭb a ϩ1Ϫ, while in the inner part, 0рϽa, the original field remains frozen, bϭb f c . The stress calculation using Eqs. ͑12͒ and ͑13͒ gives now the result for 0рϽa:
and for aрр1:
These formulas apply to both case ͑i͒ and ͑ii͒, although in case ͑i͒ only to the point where b a ϭb f c Ϫ1. The final descent to b a ϭ0 goes via states already discussed in Sec. IV B, and the expressions listed there hold also here. Formulas for the strain components can be derived similarly from Eqs. ͑18͒ and ͑19͒. maximum value, which one finds as plateaus in the region where the original frozen flux remains unchanged. A tiny negative r exists near the surface in the remanent states.
In the upper panel, where b f c ϭ1.5, one sees that the plateau value steadily increases as b a is swept down. At b a ϭb f c Ϫ1 a maximum stress of 1.56 0 is reached at ϭ0. Upon further field reduction from b a ϭ0.5 to the remanent state, both stresses decay gradually, while being always largest in the cylinder center.
The panel in the middel, with b f c ϭ1, shows similar behavior except that the vanishing of the plateau now coincides with reaching the remanent state. Note from the dashed curve, indicating the stress at the magnetization front, ϭa, that even here the overall stress maximum occurs before coming to the final state. Hence in this case the highest stress is experienced by a larger portion of the cylinder, namely for all р0.13. One can show that when
which for our ϭ0.3 becomes b f c у1.13, the highest stress occurs only in the cylinder center, whereas for smaller b f c it is experienced by an extended region. The lower panel is included to illustrate the case ͑ii͒ of Fig. 13 . Reducing here the field from b f c ϭ0.5 to b a ϭ0, a large inner part, Ͻ0.5, holds the highest remanent stress.
By comparing the three panels, one sees that also here there is a strong dependence of the maximum stress on the field. In particular, one may compare the remanent states after field reduction from b f c р1. The stress in the central region is then from Eq. ͑56͒ given by
reflecting again the generally quadratic dependence on the applied field. At this point we can also compare with a formula derived in Ref. 4 . Their Eq. ͑12͒, can be rewritten as the above equation with the only difference being the factor containing the Poisson ratio, which in their formula becomes (1Ϫ). Such deviations are typical between the plane stress and the plane strain solutions.
VII. COMPARISON OF MAXIMUM STRESS
Of prime practical importance is the overall maximum tensile stress generated as the applied field is reduced from some maximum value and down to zero. Evidently, the overall maximum stress, and also where it occurs in the cylinder, depends on the exact route towards the remanent state. Shown in Fig. 14 are the overall highest stress generated during field descent after field cooling and during a field cycle after zero-field cooling. The horisontal axis gives the maximum field applied in the process, i.e., b f c and b a in the field-cooling and zero-field-cooling case, respectively. Each of the three graphs is divided in two segments, one full line and one dashed, to indicate that the stress maximum differs in its location depending on the maximum applied field. The stress can be either ͑1͒ restricted to ϭ0, ͑2͒ distributed over an extended region near the center, or ͑3͒ restricted to some point with Ͼ0. Shown together with the graphs are the dividing lines pointing out where each of these cases apply. 
and occurs at ϭ0. For the smaller b f c , drawn as dashed line indicating case ͑2͒ above, the stress depends on b b f in a nonlinear way resembling a parabola. Under optimum conditions for making a fully activated trapped-field magnet, i.e., using b f c ϭ1, the highest stress encountered is equal to 0.774 0 . This point, which is marked by a filled circle on the graph, takes place when b a ϭ0.127. The other two curves show the overall maximum of and occurring in the field cycle following zero-field cooling. For large b a the stress maxima are also here equal for both components, and take place at ϭ0. for b a down to (5Ϫ)/(1ϩ) and 3 for the radial and hoop stress, respectively. For the smaller fields, shown as dashed curves, the maximum radial stress always lies above the hoop stress. As discussed in Sec. IV A, these stress maxima are cusped and located at some finite . The highest stress occurring for the optimum condition for activating trapped-FIG. 14. Overall maximum tensile stress occurring in the cylinder during field descent to the remanent state in the field cooling ͑FC͒ and zero-field-cooling route. The stresses are plotted as functions of the maximum field, b f c and b a . Regions marked by ͑1͒, ͑3͒, and ͑2͒ indicate if the corresponding stress maximum is located at ϭ0, at some finite , or in some extended inner part of the cylinder, respectively. field magnets, b a ϭ2, is also here indicated by filled circles. These stresses are of magnitude r ϭ1.21 0 and ϭ1.03 0 , and occur when b a ϭ0.84 and b a ϭ0.64, respectively. When comparing those numbers with the peak stress 0.774 0 in the field-cooling route, it is clear that the latter method is strongly preferable if cracking is a real potential problem.
VIII. CONCLUSION
A full three-dimensional elasticity analysis of the fluxpinning-induced stress-strain problem has been presented. The plane strain approach was used to find an exact consistent solution for a long circular cylinder with free surfaces placed in a parallel magnetic field. By assuming a criticalstate-model type of magnetic behavior the body force in the cylinder is proportional to the gradient in the flux density squared, which allows simple analytical expressions for stress and strain to be found. While the result for the external radial magnetostriction ⌬R/R turned out to be the same as found earlier in a two-dimensional plane stress treatment, the present spatial distributions of stress and strain are given by different formulas. Several relations between ⌬R/R and other characteristic strains were also found; both the radial and hoop strain at rϭR, and the uniform longitudinal ͑axial͒ strain are proportional to ⌬R/R. The derived results are all general in the sense that stress-strain calculations can be carried out for any critical-state model j c ϭ j c (B).
The stress-strain behavior in the Bean model was discussed in detail for two common magnetization processes: ͑1͒ a full cycle of the applied magnetic field after zero-field cooling and ͑2͒ a field reduction to zero after field cooling. Greatest attention received the descending field stages, where the pinning-induced body forces point outwards creating tensile stress in the cylinder. Knowing the magnitude and location of the maximum tensile stress is imperative to understand and hopefully control the well-known tendency of bulk superconductors to crack up either partly or completely during magnetization with fields of several Tesla. We were able to map out the overall highest stresses in both of the magnetization processes for various maximum applied fields in process ͑1͒, and for various cooling fields in process ͑2͒. Extending the present analysis to more realistic j c (B) is under preparation.
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